We investigate spin squeezing, quantum entanglement and second order coherence in two coupled, driven, dissipative, nonlinear cavities. We compare these quantum statistical properties for the cavities coupled with either single or two-photon exchange. Solving the quantum optical master equation of the system numerically in the steady state, we calculate the zero-time delay secondorder correlation function for the coherence, genuine two-mode entanglement parameters, an optimal spin squeezing inequality associated with particle entanglement, concurrence, quantum entropy and logarithmic negativity. We identify regimes of distinct quantum statistical character depending on the relative strength of photon-exchange and nonlinearity. Moreover, we examine the effects of weak and strong drives on these quantum statistical regimes.
Introduction
Multiphoton processes in quantum optical systems have been intensely studied [1, 2] due to their central role in modern applications such as quantum switching [3] , quantum communication and computation [4] . They are also used for fundamental explorations of phase transitions in coupled nonlinear cavity or superconducting (SC) circuit quantum electrodynamics (QED) systems [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
An earlier study of two nonlinear cavities coupled with single-photon exchange [20] revealed a curious interplay between coherence and localization of the photons. It is concluded that photons are coherent and delocalized over the cavities when the tunneling exchange is stronger than the nonlinearity. In the opposite case of weaker tunneling, photons are localized in each cavity and antibunched [21] .
In the present work, we address the question if such an interplay can go across to quantum correlations as well. We specifically ask how such mutual influences between localization, coherence and quantum entanglement [22] change under two-photon exchange [23] [24] [25] as well as under strong drive conditions [26, 27] . Realization of twophoton exchange coupling was proposed for circuit QED systems [28] [29] [30] [31] [32] [33] .
Profound relations between different definitions of spin squeezing and entanglement have already been explored in detail [34] [35] [36] [37] [38] . Using Lipkin-Meshkov-Glick (LMG) Model [39] , interplay of quantum correlations in squeezing and entanglement in finite quantum systems was discussed quite recently [35] . Entanglement dynamics and * Corresponding author: omustecap@ku.edu.tr exact properties of LMG model in the thermodynamical limit have been carefully analyzed in Refs. [40] [41] [42] . Two photon exchange coupled cavities can also be described by the LMG model [24] . Our present contribution establishes further connections between coherence and mode entanglement to spin squeezing and particle entanglement in this model under drive and dissipation.
We calculate and compare the zero time delay second order quantum coherence function [43] , an optimal spin squeezing inequality associated with particle entanglement [44] , l-concurrence [45] , genuine mode entanglement parameters [46, 47] and the von Neumann entanglement entropy [4] . Mode entanglement occurs in the second quantization description of the system; and hence it is fundamentally different from the particle entanglement, which happens in the first quantization description [48] [49] [50] . Some possible realizations and experiments to detect multiparticle entanglement via optimal spin squeezing inequalities can be found in Refs. [51] [52] [53] .
We have recently examined the same system from the perspective of dynamical transfer of particle entanglement between photonic and atomic subsystems [24] . We considered ideal evolution of initially entangled and unentangled states without dissipation and used exact analytical solutions of the model system. On the other hand, present paper addresses the quantum correlations in the stationary solutions of the Master equation of the system by taking into account the open system conditions under drive and dissipation. In addition to these fundamental and methodological differences between the two investigations; the objectives of the both work are entirely distinct. Here, the subtle relations between delocalization and localization and the quantum coherence are examined from the point of view of quantum correlations. The inspiring work in Ref. [20] reports the localization and coherence relation in single photon ex-change between the cavities. Our results however show that these relations are strikingly different in the case of two photon exchange. Ref. [20] only considered localization and coherence question but did not consider if the localization and quantum correlations have similar interplay; while here we investigate this as well.
Motivation for our purpose is to comprehend the relation between coherence and distinct quantum correlations and use this relation as a guide to develop viable strategies for practical realization of quantum entanglement in networks of coupled nonlinear cavities [54, 55] . These networks share characteristic models identical with ultracold atoms in optical lattices [56] [57] [58] [59] [60] [61] and quantum phase transitions of light [62] exhibit similar properties to those atomic systems [63] . Novel behaviors could emerge under strong drive and with strong local and nonlocal nonlinearities in optical systems. Distinct entanglement types under nonlocal nonlinearities and strong drive conditions and their relation to coherence are not discussed with sufficient detail in the literature. Filling these gaps could be significant for practical realization of distinct quantum entanglements in photonic cavity networks for different simulations and applications, as well as for illuminating novel quantum phases in such systems.
This paper is organized as follows. In Sec. 2 we describe the single and two photon exchange coupled nonlinear cavity models under consideration. In Sec. 3 we introduce the parameters that we calculate to characterize coherence, entanglement and spin squeezing and present their steady state results. We conclude in Sec. 4.
The Model System
We consider a system of two identical nonlinear cavities, labeled with i = 1, 2, coupled either by single or two photon exchange interactions. Both cavities are driven by a coherent pump at rate F at the laser frequency ω L . The corresponding model Hamiltonians in a frame rotating at ω L can be written aŝ
(Ub While the tunneling term is a mere rotation operator in the case of single photon exchange, it is a generator of spin squeezing that redistributes the spin fluctuations by twisting them about the two axis [64] in the case of two photon exchange. The nonlinear term always acts as a generator of spin squeezing by twisting the fluctuations around a single (z) axis. Spin squeezing is associated with multi-particle entanglement. Another type of entanglement can be found between the cavity modes. This mode entanglement is enforced by the mode coupling character of the tunneling terms. Drive term brings coherence into the system. In the next section we define the measures of quantum correlations to calculate spin squeezing, entanglement and coherence properties of these models. All the measures are closely related to the spin noise and hence strong interplay between coherence, squeezing and types of entanglement is expected.
Results and Discussions
To investigate the quantum dynamics of our model systems under dissipation, we assume that the coupling of the cavity photons and the reservoir photons is weak; and the correlation time of the reservoir photons is negligibly short. Under these so called Born and Markov conditions, the dynamics of the open systems can be determined by solving the master equationŝ
for both single (j = 1) and two photon (j = 2) exchange cases. Here,ρ (j) is the density operator for the corresponding case; κ i are the photon loss rates out of the cavities. 
for F/κ = 1 with respect to dimensionless J/κ and U/κ in two-site KH system with single-photon exchange. ζ and C I are multiplied by 10 3 in the case of F/κ = 0.1 for visibility.
to be real. Nonlinearity in our model Hamiltonians is assumed due to a Kerr type nonlinear material in the cavities and thus we can use the bare dissipation rates of the cavities in our treatment. Our generic models could effectively describe other systems such as those of circuit QED in dispersive regime [65] or exciton-polariton systems of coupled cavity QED [20] . In such cases, canonical transformations used to obtain the effective models apply to the Lindblad noise terms and dressed dissipation rates must be used [20, 65] . We solve the master equation for the steady state density operator using the QuTiP: Quantum Toolbox in Python software [66] . The master equation is solved by taking N 1 = N 2 = 4 for the Fock space dimensions of each cavity field. When we increase the Fock space dimension up to 8 and remake our calculations, we find that the results remain unchanged. We consider two cases distinguished by the action of weak F/κ = 0.1 and strong pump F/κ = 1. We take κ/2π = 0.4 MHz. The parameters we use in the simulations are within the ranges accessible in present circuit QED systems [67, 68] .
Numerically computed steady state density operator is used for calculation of second order coherence, spin squeezing, concurrence and mode entanglement parameters. Zero-time delay second order quantum coherence function is defined by [43] 
Heren =b †b , ∆n =n − n ; and we use ρ instead of ρ (j) for notational simplicity. We evaluate g (2) (0) for b =b i . Both cavity photons have identical coherence functions due to exchange symmetry of our models under
(2) (0) < 1 implies sub-Poissonian statistics of photons, while g (2) (0) > 1 implies super-Poissonian statistics. Coherent photons are recognized by g (2) (0) = 1. Sub-Poissonian statistics is a violation of the CauchySchwartz inequality obeyed by classical light; and hence it is a profound manifestation of quantum light.
Spin squeezing is witnessed by the inequality [44] 
where k, l, m take all the possible permutations of x, y, z. Inequality given in Eq. (9) is one of the four optimal spin squeezing inequalities introduced in Ref. [44] with N being the total number of particles in the system. Violation of it implies spin squeezing and particle entanglement and its relation to the positivity of the concurrence can be found in Ref. [69] . We rewrite the optimal spin squeezing inequality given in Eq. (9) with k = x, l = z and m = y as
The positive values of ζ indicate spin squeezing and multi-particle entanglement in the first quantization description. As we have an open system, N = N = n 1 + n 2 , withN =n 1 +n 2 andn i =b † ib i , is not conserved and varies in time. 
for F/κ = 1 with respect to dimensionless J/κ and U/κ in two-site KH system with single-photon exchange. In addition, we analyze pairwise particle entanglement through so called I-concurrence [45] given as
where ρ i with i = 1, 2 is the reduced density operator of the subsystem under consideration. C I = 0 for product states and nonzero for entangled states. The maximum value of C I cannot exceed C max I = 2(1 − 1/N ) where N = 4 is the Hilbert space dimension of the subsystem. For our case it is found to be C max I ∼ = 1.225. We investigate the entanglement in the second quantized description in terms of the genuine two-mode entanglement parameters λ 1 and λ 2 given by [46, 47] 
wheren i =b † ib i with i = 1, 2. Positivity of the parameters λ 1 and λ 2 indicates mode entanglement. Positivity of the λ 1 and λ 2 is an only sufficient condition. On the other hand, their usability for the investigation of modal entanglement has recently been established [70] .
The von Neumann entropy for the reduced density operator ρ i with i = 1, 2 is given by [4] S(ρ i ) = −trρ i ln ρ i .
The maximum value of the entropy is given by S(ρ i ) max = ln N = ln 4 ∼ = 1.386. Its nonzero values detect the entanglement and is a measure for bipartite entanglement.
I-Concurrence and von Neumann entropy are reliable to characterize pairwise and bipartite entanglement in pure states. Steady states of our models may not be pure under strongly nonlinearity and strong drive. We calculate the impurity parameter I = 1 − T r(ρ 2 ) and report the plots of logarithmic negativity E N (ρ), which is applicable to mixed state bipartite entanglement. It is defined as [71] 
where ρ T1 is the partial transpose with respect to the first subsystem i = 1 and ||ρ T1 || 1 is the trace norm of ρ T1 . Nonlinearity in our system and large Hilbert space dimensions make the calculation of other mixed state entanglement measures, which are convenient for Gaussian states or states of finite dimensions, too difficult while E N (ρ) is a computable and non-convex entanglement monotone [72] .
An intuitive link between coherence, particle and mode entanglements can be formed by considering that coherence function is a relative measure of number fluctuations which carries information on deviation from Poisson statistics. One can establish an analogy between the number operatorn and the z-component of the angular momentum operatorĴ z usingn 1 =N /2 +Ĵ z . The coherence function is influenced by squeezing the spin noise around the z axis. Under stringent conditions spin squeezing implies particle entanglement. Particle like behavior, enforced by the sub-Poissonian statistics can be associated with spin squeezing type pairwise nonlinear interactions. In that case coherence and spin squeezing interplay can be further extended to multiparticle entanglement. Similarly λ 1 and λ 2 can be expressed in terms of spin fluctuations and thus would be influenced by the coherence and spin squeezing in the system. Above heuristic arguments motivates the existence of an interplay between coherence, particle and mode entanglement. Let us now analyze specific cases numerically. We will first consider the single photon exchange case, then proceed to two photon exchange case in the following subsections.
A. Single-Photon Exchange
In Fig. 1(a) , Fig. 1(b) and Fig. 1(c) we plot second order coherence, spin squeezing and concurrence parameters as functions of nonlinearity and photon exchange coefficients in the case of weak drive with F/2π = 0.04 MHz, respectively. Fig. 1(a) reproduces the result in Ref. [20] . Second order coherence varies over the range of 0.00183 ≤ g (2) (0) ≤ 1.011. Coherent delocalization of cavity photons happens for J/κ > 1 and J > U , which corresponds to the Poissonian statistics indicated by g (2) (0) ∼ 1. Strong sub-Poissonian localization regime with g (2) (0) ∼ 0 lies in the region of U/κ > 1 and J/κ < 1. Fig. 1(b) shows that spin squeezing always present in the system for the ranges of 0.1 < U/κ, J/κ < 10. Pairwise nonlinearity measured by U in the driven system is strong enough for the survival of multiparticle entanglement in the steady state. It is easier to violate spin squeezing inequality in the region of J/κ < 1, where subPoissonian and hence particle like behavior is more significant. This is intuitively expected as the delocalizing photon hopping makes particle entanglement more difficult, while nonlinear interaction favors particle correlations. Fig. 1(c) shows that the pairwise entanglement characterized with concurrence is in agreement with the spin squeezing. It reaches its maximal value in the strong Sub-Poissonian regimes, where particle entanglement is maximal. Fig. 1(d) , Fig. 1(e) and Fig. 1(f) depict quantum coherence, spin squeezing and concurrence for the case of strong drive of F/2π = 0.4 MHz, respectively. Coherent effects of the drive is harmful for the particle like character and the range of g (2) (0) is shifted away from 0 and becomes 0.00486 ≤ g (2) (0) ≤ 1.0321. Stronger nonlinearity is needed for sub-Poissonian statistics and thus the region is narrowed in the U/κ axis relative to that in Fig. 1(a) . Multiparticle and pairwise entanglement becomes harder to establish relative to weak drive case.
The maximum values of ζ and C I reduce about an order of magnitude when the coherent drive is increased an order of magnitude. Spin squeezing and concurrence are almost absent in the super-Poissonian region. Mode entanglement parameter λ 1 behavior with J and U , shown in Fig. 2(a) , is opposite to that of spin squeezing and concurrence. Localization of photons in the cavities favor pairwise particle entanglement; while wave like behavior associated with coherent delocalization by the photon exchange favors mode correlations. The behavior of the parameter λ 2 , shown in the Fig. 2(b) , indicates that the mode entanglement occurs in the nonlocal regimes with strong nonlinearity. Fig. 2(e) and Fig. 2(f) show the mode entanglement parameters for the case of strong drive of F/2π = 0.4 MHz. Here, mode correlations become harder to establish and regions where the modes are entangled are shifted towards higher J/κ values. Fig. 2(c) and Fig. 2(g) show the dependence of the von Neumann entropy for weak F/2π = 0.04 MHz and strong F/2π = 0.4 MHz drive conditions, respectively. Bipartite entanglement almost absent in the hopping dominant regimes, whereas the entropy reaches its maximal value in nonlinearity dominant regimes. Fig. 2(d) and Fig. 2(h) show the behavior of logarithmic negativity E N (ρ). The impurity parameter for the weak drive case is calculated to be in the range I ∼ 0 − 10 −4 while it becomes I ∼ 0 − 0.36 for the strong drive case. We do not plot I as it behaves as g (2) . In the single photon exchange model, steady state is more pure in regions with greater Poissonian character. Only under strong drive and strong nonlinearity, where I ∼ 0.2 − 0.36, characterization of the entanglement with C I and S(ρ 1 ) can be ambiguous. In this case existence of entanglement is confirmed by E N .
Behaviors of the genuine mode entanglement parameters λ 1 and λ 2 along with the von Neumann entropy give a complete description of mode correlations. First, occurrence of two-mode correlations in the sub-Poissonian regions is typical for two-squeezed light beams mixed with a beam splitter. Here, this happens simultaneously, not sequentially. Second, the von Neumann entropy covers the whole region which covered separately by the modeentanglement parameters. Bipartite entanglement is distributed over sub-Poissonian regimes.
We stressed out that the single photon exchange model gives clearly distinct roles to the interactions. Nonlinearity is localizing and a single-axis twisting spin squeezing type of interaction. Photon hopping is delocalizing and a mode correlating interaction. Two photon hopping however has particle and delocalizing character. It is delocalizing due to photon exchange effect, but also establishes pairwise correlations by a two axis twisting interaction. We will point out emergence of distinct relation between second order coherence and entanglement in the following subsection.
B. Two-Photon Exchange
In Fig. 3 and Fig. 4 , we show our results for two-photon exchange interaction. Fig. 3(a), Fig. 3(b) and Fig. 3(c) depict quantum coherence, spin squeezing and concurrence for F/2π = 0.04 MHz, respectively. In contrast to single photon exchange, there is no Poissonian or superPoissonian region in Fig. 3(a) and g (2) (0) varies in the range of 0.00723 ≤ g (2) (0) ≤ 0.7944. The sub-Poissonian statistics is strong in both delocalizing photon hopping and local cavity nonlinearity dominated regimes. Relatively weak one occurs in J/κ, U/κ < 1 region where coherent drive is comparable to these local and nonlocal pairwise interactions.
In the two photon exchange case, analogous to LMG model, there are both single axis and two axis twisting routes to spin squeezing. When J/κ > 1 the former becomes the major route leading to spin squeezing; while when U/κ > 1 the latter becomes the main interaction causing spin squeezing. Accordingly strong violation of spin squeezing occurs over the entire domain of J/κ, U/κ. Similar level of violation can only be found in the narrow strip of weak J/κ in Fig. 1(b) . The uniformity of the pairwise entanglement witness parameter with U which is present in Fig. 1(b) is no longer present in Fig. 3(b) . Variation of spin squeezing and sub-Poissonian statistics strength with hopping and nonlinearity becomes identical for the case of two photon exchange. As in the single-photon interaction case, concurrence is in complete agreement with spin squeezing. In both nonlinearity and hopping dominated regimes pairwise particle correlations show identical statistical character. Particle entanglement is maximized for J/κ 1 and U/κ 1. Fig. 3(d) , Fig. 3(e) and Fig. 3(f) show quantum coherence, spin squeezing and concurrence for F/2π = 0.4 MHz, respectively. Strong drive helps to bring coherence into the system and now the maximum g (2) (0) ∼ 1. The separation of two strong sub-Poissonian regions by a weak one around the line J = U becomes more visible. Strong drive works against spin squeezing that reaches its maximum value around J/κ ∼ 0.5 > U/κ. Concurrence is maximized around similar J/κ values as spin squeezing with relatively strong nonlinearity.
In Fig. 4 , we plot the mode entanglement and entropy parameters for the two-photon exchange interaction. Being only sufficient, values of the parameters λ 1 and λ 2 within our parameter regimes make the discussions on mode entanglement inconclusive [70] . Fig. 4(c) shows the von Neumann entropy for the case of F/2π = 0.04 MHz. Bipartite entanglement is strong in both local and nonlocal interaction regimes. In the case of strong pump, shown in Fig. 4(f) , it is maximized in the diagonal which separates two weaker regimes. This diagonal corresponds to the weaker multiparticle but stronger pairwise entanglement situations depicted in Fig. 3(e) and Fig. 3(f) , respectively. Fig. 4(d) and Fig. 4(h) show the behavior of logarithmic negativity E N (ρ). The impurity parameter for the weak drive case is calculated to be in the range I ∼ 10 −5 − 10 −4 while it becomes I ∼ 0.22 − 0.39 for the strong drive case. We do not plot I as it behaves as g (2) . In the two-photon exchange model, similar to the single photon exchange case, steady state is more pure in regions with greater Poissonian character. In contrast to single photon exchange case however, mixed state region with I ∼ 0.2 − 0.36 is not limited to strong nonlinearity but extends over the entire region under strong drive and hence characterization of the entanglement with C I and S(ρ 1 ) can be ambiguous. In this case existence of entanglement is confirmed by E N .
Conclusion
We finally present a summary of our comparative analysis and associated conclusions. We considered single photon and two-photon exchange coupled cavities with Kerr nonlinearity under drive and dissipation. We examined the steady state second order coherence, multi-particle and pairwise entanglement as well as bipartite and mode entanglement parameters.
Two-photon exchange between weakly driven identical nonlinear cavities make the photons strongly antibunched for any J and U , except for weak J and U quadrant where photons have weaker sub-Poissonian character. Single photon exchange can only generate antibunched photons for J < U and coherent photons for J > U [20] . A strong drive is most influential to enhance the coherence regime for two photon hopping case when J ∼ U . Our analysis reveals viable routes to entanglement realization in our models. Coherence serves as a map to search for most advantageous J and U domains for practical establishment of entanglement. Under weak drive, antibunched photons in single photon exchange violate the product state conditions 3 − 5 orders of magnitude more strongly than the super-Poisson ones. Two-photon exchange yields almost uniform violation with similar but maximum quantum noise levels. This points out one crucial advantage of two photon exchange over the single photon exchange for practical realization of entanglement. There are both single and two-axis twisting spin squeezing routes to entanglement in two-photon exchange which leads to almost uniform and strong satisfaction of particle, pairwise and mode entanglement conditions over the entire J, U domain. There is another surprising and appealing advantage in the two-photon exchange under strong drive. Entanglement emerges most easily in weak nonlinearity and weak hopping region and with photons of relatively weak sub-Poisson character.
For both single and two-photon exchange, multiparticle entanglement is harder to establish relative to pairwise and mode entanglements, which are at similar levels of quantum noise. Quantum fluctuations could be too low to detect in experiments for all types of entanglements under weak drive. Strong drive remedy this situation and increases quantum fluctuations 1 − 2 orders of magnitude more in steady state. Strong drive also leads to mixed state entanglement, albeit with weak mixedness, in the sub-Poisson regime of single photon exchange or everywhere in two-photon exchange.
Our results illuminates the subtle relations between locality, coherence and quantum correlations that could be exploited for synthesis of many body quantum entangled states in coupled cavities with local and nonlocal nonlinearities.
